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The present paper describes a method for obtaining accurate design-oriented stress and stress-sensitivity infor-
mation from reduced-order linear-time-invariant state-space models of integrated aeroservoelastic systems, using
Lyapunov’s Equation for calculating covariance matrices of the displacement and stress responses. A complete for-
mulation of the reduced-order stress gust response problem for aeroservoelastic design synthesis, tailored toward
integration with control-system design techniques based on modern control, is presented. It includes an adap-
tation of the mode-acceleration method, reduced-order analytic sensitivities of stress covariances, and efficient
approximations to be used in a nonlinear programming/approximation concepts approach to design optimization.
A realistic aeroservoelastic model of a typical passenger airplane is used as a test case, and the paper includes
results of convergence studies for the assessment of order-reduction effects on the accuracy of the integrated

structure/aerodynamic/control models.

Nomenclature

[A], [B], [C], [D] state-space model matrices (with
appropriate subscripts to designate
sensors, actuators, control laws,

gust filter, and overall system)

[Aig] = Roger aerodynamic matrices (real)
for fitting [A(s)1[¢] [Eq. (8)] n, x 1,

[A(s)] = Laplace transformed full-order influence
coefficient matrix (associated with
full-order structural model) n, x n,

[C] = viscous damping matrix (structural)

a,cf = aerodynamic lag terms for structural
and gust forces, respectively

[D] = aerodynamic matrix in a minimum-state
rational approximation form [Eq. (9)]

[E] = aerodynamic matrix in a minimum-state
rational approximation form [Eq. (9)]

1] = identity matrix

[K] = stiffness matrix

[M] = mass matrix

Ny = number of aerodynamic lag terms

na = order of the state-space model

of the actuators
nco = order of state-space model of the
multi-input/multi-output control law block

ne = number of active control surfaces

ng = order of the state-space model
of the gust filter

nig = number of lag terms in a minimum-state
unsteady aerodynamic gust force rational
approximation
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NLs = number of lag terms in a minimum-state
unsteady aerodynamic force rational
approximation (structural and
control-surface motions)

ng = number of reduced-order structural
degrees of freedom

n, = full-order number of structural
degrees of freedom

[0] = intensity matrix of the white noise
driving the gust filter

{q} = vector of reduced-order generalized
coordinates

qp = dynamic pressure

[S] = matrix used to calculate stresses
from full-order displacements

Stef = wing reference area

s = Laplace variable

vector of local stresses in a plane-stress
thin structural element

{Sex Sy Siy}l =

Us = flight speed

{u} = full-order displacement vector

w = vertical speed of atmospheric gusts

[X] = covariance matrix for complete
aeroservoelastic system with structural
degrees of freedom reduced by mode
displacement basis

{x} = state vector for complete
aeroservoelastic system

{x;} state vector for subsystem 7

{Vmeas} true structural responses at the points
of measurement

{6} = vector of commands to the actuators

[p] = matrix containing (column by column)

reduced-order modal basis 7, X n,
matrices defining [Eq. (17)] the true
responses on the structure at the points
of response measurement

[@ol, [@1], [P2]

Subscripts and Superscripts

A
CO

actuator
control law
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c = control degrees of freedom
cc = control-control partition
of system matrices
cs = control-structural coupling
in system matrices
G = gust filter
g = gust
s = structural degrees of freedom
sc = structural-control coupling
in system matrices
SE = sensor
sg = structural-gust partition of system matrices
ss = structural-structural partition
of system matrices
T = transpose
Introduction

ANDOM stresses caused by flight in turbulence,'™* super-
imposed on stresses as a result of steady maneuvers, must
be taken into account in any effort to synthesize a flexible flight
vehicle with or without an active control system.’~® Because the
mathematical models of integrated actively controlled flight ve-
hicles are large, some form of model order reduction becomes
necessary,”~!! whether frequency domain'? or time domain anal-
ysis techniques®7”-!>1# are used. For the structural dynamic part of
the model, various structural dynamic order-reduction techniques
have been widely used over the years, including various mode dis-
placement (MD), Ritz vectors, modified mode displacement (Ficti-
tious mass), mode acceleration (MA), and combined direct-adjoint
methods, to name a few.!3~26
A number of problems arise when such order-reduction meth-
ods are used for design optimization. First, in order to provide
gradient-based optimization algorithms the information they re-
quire, derivatives of response functions (constraints and objectives),
must be calculated in addition to the analysis values of the response
functions themselves. Additionally, it is well known®~11:2%:26 that it
is not straightforward, with the widely used displacement-method
based models of structural dynamics, to obtain accurate stress in-
formation from reduced-order models (based on finite element or
any Rayleigh—Ritz discretization). With structural dynamic models
reduced-order stress design sensitivities are even more challenging
to obtain.?>?® A significant effort over the last 20 years has been
aimed at formulation, order reduction, sensitivity, and approxima-
tion techniques that would make it possible to include constraints
on combined maneuver/gust response stresses in integrated aeroser-
voelastic optimization in a practical way. The work in this area is
still evolving. The present paper describes a method for obtaining
accurate design-oriented stress and stress sensitivity information
from reduced order linear-time-invariant state-space models of in-
tegrated aeroservoelastic systems, using Lyapunov’s equation for
calculating covariance matrices of the displacement and stress re-
sponses. Lyapunov’s equations®’ have been used in modern con-
trol to obtain covariance terms of the response to random inputs
for many years. The utilization of Lyapunov’s equation for calcu-
lating gust response of aeroservoelastic systems has already been
explored in a number of studies.’~"!3282° The emphasis, however,
in most of those studies was on displacement and displacement-
rate responses (such as accelerations at points on the structure, mo-
tion of control surfaces, and rate of motion of control surfaces).
Here we present a complete and detailed formulation of the stress
gust response problem for aeroservoelastic design synthesis, tai-
lored toward integration with control system design techniques
based on modern control. It includes order reduction based on an
adaptation of the MA method, reduced-order analytic sensitivity
of stress covariances, and efficient approximations to be used in
a nonlinear programming/approximation concepts>**! approach to
design optimization. The paper includes results of thorough con-
vergence studies for assessment of the effect of order reduction
on accuracy.

Formulation

Aeroelasticity

The partitioned Laplace-transformed equations corresponding to
structural degrees of freedom of the linearized dynamic aeroelastic
equations of motion for an actively controlled deformable airplane,
based on full-order structural dynamic degrees of freedom, are

2 s8 sc s8 sc 58 sc { Uy (S) }
(s°[M M1+ s[C C*1+[K K*Y))
qc(s)

\ ‘ u,(s)
—qpSwilA¥(s)  A™(s)] { }
qc(s)

= qDSref{Asg(S)}[wg(s)/Uoo] (1

These equations can represent a free-free airplane in flight (the stiff-
ness matrix [K**] in this case will include rigid-body motions and
become singular) or a restrained vehicle, in which case the stiffness
matrix is nonsingular. General formulations of the free-free prob-
lem will further partition the system matrices into those associated
with rigid-body motion and those associated with elastic modes of
vibration. However, to simplity the derivations in the following para-
graphs it is assumed here that the stiffness matrix [K**] is always
nonsingular. This does not limit the generality of the formulation
used here significantly because free-free conditions can be always
simulated by connecting the vehicle “numerically” to the ground us-
ing springs (in a statically determinate manner) that are soft enough
to separate rigid-body motions from elastic motions.

Note that the full-order aerodynamic matrices [A*(s) A*“(s)],
{A%$(s)} are not usually available with large-scale finite element
structural models. They are calculated, using an aerodynamic mesh,
for a set of motion shapes in the form of some vibration modes, poly-
nomial functions, or Ritz vectors. In the case of modeling airplane
wings and control surfaces using the equivalent-plate approach, 3¢
it is possible to create full-order aerodynamic matrices correspond-
ing to all polynomial Ritz functions used for the different wing
and control surface zones.*** This difference has a bearing on the
method developed here. The derivation assumes the availability of
full-order aerodynamic matrices, corresponding to the full-order set
of structural degrees of freedom. Adaptation to the case of structural
finite element models is straightforward and is presented briefly in
Appendix A.

Stresses at any point in the thin-walled structure can be calculated
from the deformations using

Sxx
sy ¢ = [S1" {us) @

Syy

where different matrices [S] are used for different points on the
structure. The displacements can be approximated by a linear com-
bination of lower-order mode shapes:

{us} = [6Ngs) 3

where each column of the transformation matrix represents a single
mode shape.

The reduced-order equations of motion will be (after premulti-
plication by [¢]7)

[p]" (s> IM*1 4 SIC™1 4 [K**] — qp Seerl A ()]) [@ g (5}
+ L@l (s*[M°] + s[C* ] + [K*1 — o Swet[A* ($)1) {4 (5))

= g Seeil@]" {A% ()} [wg (5)/Use] “
Approximate stresses based on such a MD reduced-order model
can, therefore, be calculated from [Eqgs. (2) and (3)]

Syx
sy ¢ = [S1" {us) = [S1" [#1{gs) &)

Sty
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However, it is well known'3~!7 that the accuracy of MD stresses

is poor. Unless special attention is paid to the capability to capture
local effects when vectors for the reduced-order basis are selected,?
conventional lower-order natural vibration modes cannot capture
local effects associated with concentrated loading, local stresses, or
sensitivities of stresses with respect to structural design variables.

Because improved stress and stress-sensitivity accuracy is ob-
tained if the displacements used in Eq. (2) are calculated from a
full-order structural model, the MA method is based on rewriting
the full order Eq. (1) as

(K" Nus ()} = {Fs(9)} Q)

where the force vector on the right-hand side is obtained using ap-
proximate accelerations and velocities [Eq. (3)] obtained from the
MD solution of Eq. (4). Thus,

{Fo(9)} = —(s* M1+ s[C*] — qp Swet[A* ()]) [ @] (5)}
— (S[MT + 5[C T + [K*] = qp Swetl A ()]) {gc ()}

+ 0 Srei{ A ()} wg (5)/Usc] (M

The unsteady aerodynamic forces for the full-order equations (when
the equivalent plate method is used), calculated for simple harmonic
motion at discrete reduced frequencies, can be approximated by a
rational function approximation as defined by Roger.*® Because the
fitted matrices are used in both the load equations (7) and in the MD
equations of motion (4), the Roger fit is performed on the aerody-
namics for the load equations. This means that only the columns
of the structural degrees of freedom have been reduced to modal
coordinates, but the rows remain full order (see Appendix A for the
case of a finite element model). That is, a rational function approx-
imation is first created for the frequency-dependent aerodynamic
matrices [A* (s)][¢], [A*“(s)], and [A*$(s)].

Nig

AYY S +Z S‘+C (,+2)¢]

i=1

(A ©)]le] = [A5,] +[A5]s +

Nis

[A”(s)]:[A?)U]—I—[AM]S-F[AM s +Z sto 5 A?(+2]

i=1

NiLg

Ag”zwc a0 ®

It is assumed that the forces associated with structural and control
degrees of freedom have the same aerodynamic lag poles c;, but
that the lags associated with gust ¢f might be different. The gen-
eralized aerodynamic matrices to be used in the MD equations of
motion [Eq. (4)] are obtained from the Roger matrices of Eq. (8) by
premultiplying those matrices by [¢]7

Alternatively, a minimum-state rational function approximation
(MS) can be used to fit the frequency dependent aerodynamic
matrices®:

[A”()p  A*(9)] = | Ay,

{A%(5)) = {A]

AY |+ AL A s
+[As,  AY]s* +s[D)]sUT—[RDT'ES E)

(A% ()} = { A5} + {A]}s + s[DAIG U] — [R¥])HE,) ©)

The matrices [A;4] and [D,] are then premultiplied by [¢]” for use
in the MD equations of motion [Eq. (4)]. The form of the MS fit
[Eq. (9)] can also accommodate the Roger fit [Eq. (8)] and is used
in the following developments.

Aerodynamic lag states are now introduced:

{rs (Y)} = (Y[[] — [RS])fl[ES EC]S {qs(q)}
qc(s)

{rg®)) = U1 = [RED{E }swg(s) (10)

leading to
siry} = [RWrs} + [E%Is{g, ()} + [E€Is{gc ()}
s{red = [R*I{rg} + {ES}sw,(s) an

These rational function expressions can now be inserted into the
load equations [Eq. (7)]

(F)} = [K igs )} = (2| M5 | + 5| C5 | + | K2 ) gs (o))
— ([MT + SIC*T + [K“Dige($)} + ¢ Seet [ D |15 ()}

+ (4D Sret/ Uso) IDMre ()} + (9 Sret / Uso) ({ AG }

+{Af}s)wg(s) (12)
where
[K5'] = [K"1[¢]. [M5] = IM“1[¢] — qp Seer| A% ]

[C3'] = 1C710] - apSue[ A3 ]

[K3'] = [K*16] — gp Seer[ A3 ] (13)
and

LM ) = IM*] = qoSee[ AY ] [C*1=[C*T — apSuaa[ AY ]

[K*] = [K*] = qpSes[ AY ] (14)

The vector of generalized displacements {g,(s)} on the right-hand
side of Eq. (12) is the mode displacement solution. The aeroser-
voelastic MA method approximates the full-order load distribution
by combining the full-order external forces with approximate in-
ertial and damping forces (both structural and aerodynamic) ob-
tained from the reduced-order MD solution. The coupling control
surface/structure stiffness and damping matrices (corresponding to
rigid control surface rotation caused by actuator commands) are
zero by definition, that is, [K*“] =[0] and [C*“] =[0]. A possible
definition of the full-order viscous damping matrix in the structural
dynamic equations is discussed in Appendix B.
The MD equations of motion [Eq. (4)] can now be written as

(Lol [ M3 | + slel" | €3 | + Lol | K3 | ) as ()}
+ (2l 1] + sl [C1 + (] (K1) {ge ()}
— g Seeil@l” [ D} ]1re(9)} = (@D Seet/Uoo) (@] [D*1{r ()}

= (qpSeet/Uso) (I01" {AG) + [0]" {AT)5)wy () (15)

To obtain a desired frequency content of the gust excitation velocity,
it is modeled as the output of a linear filter subjected to white noise
input {w(s)}.

s{xg ()} = [Agl{xg ()} + {Bglw(s), we(s) = [Cygl{xg(s)}

16)

Measurement, Actuation, and Control

The measured responses on the structure can be displacements,
velocities, or accelerations. Using Eq. (3), the “true” responses at
the points where they are measured can be obtained from

{meas ()} = ([P0l + [@1]s + [P2]s”) {us ()
= ([®ollp] + [@11[$]s + [D21[415%){g ()} (17)
Note that the matrices [P, ] determine contribution of different de-

grees of freedom to the actual response, whereas the matrix [¢] is
the matrix containing mode shape vectors.
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The measurement signals available to the control system are the
outputs of sensors modeled by

s{xse(s)} = [Asel{xse(s)} + [Bse]{ Ymeas(5)}

{yse($)} = [Csel{xse(s)} (18)

The actuator dynamics, from actuator command to control-surface
rotation, assuming irreversible controls, are

s{xa@)}=[Aal{xa ()} + [B4l{8(s)}
{q.(5)} =[Cal{xa(s)} 19)

The control law (actuator commands caused by sensor measure-
ments) is

s{xco(s)} = [Acol{xco(s)} + [Bcol{yse(s)}

{6(s)} = [Ccol{xco ()} + [Dcol{yse(s)} (20)

Note that the state-space models for the gust filter, sensors, and
actuators are all strictly proper. The control law model allows proper
transfer functions, that is, in the control block of equations [Eq. (20)]
the D matrix can be nonzero.

The vector of control surface motions {q.} is available from
Eq. (19). Examination of Eqgs. (12) and (15) shows that expres-
sions for the rates sw,, s{q.}, and s?{g.} are also required. When
the time derivative of the output in Eq. (16) is taken,

we(s) | | G 0
{Swg(s)} = |:CgAg:| {xe ()} + {Cng} w(s) 2D

From Egs. (17) and (18),
yse(®) | [ Cse
{sySE(s)} - I:CSEASE:| {rse(9)}
0 2
+ |:CSEBsEj| ([(DO¢] + [¢1¢]S + [q)z(f)]s ){qs (S)} (22)

With the derivative of the output in Eq. (19), we get.

qc(s) CA
8qc(s) ¢ =1 CaAa | {xa(®)}
qu(-(S) CAAAAA
0 0
+| By 0 {‘3(“)} 23)
s8(s)

CaAaBy CaBy
And from Eq. (20) for the output of the control law equations,

8(s) _ Cco o)) + Dco 0 yse(s)
58(s) B CcoAco <0 CcoBco Dco | | syse(s)

24
Combining Egs. (23) and (24),
qc(s) Ca
sq.(s) ¢ = CprAyu {xa(s)}
52q.(s) CaApAy
B 0
+ CaBaCco {xco(s)}
| CaAsBACco + CaBaCcoAco
B 0 0 )
s
+ CaBsDco Ise
syse(s)
| CaAsBaDco+C4BsCcoBco CaBaDco
(25)

When Eq. (22) is now used, we get

qc(s) Cy
5qc(s) ¢ = | CaAa | {xa(s)}
52q.(s) CaApAp
B 0
—+ CABACCO {Xco(S)}

| CaAsBaCco + CaB4sCcoAco

0
+ CaBaDcoCse
| CaAsBaDcoCsg + CaBaCcoBcoCsk +CaBaDcoCseAse

0
x {xse(s)} + 0
CABA DCOCSEBSE
% ([Pop] + [P1p]s + [P29]57) (g5 (5)) (26)

Equations (21) and (26) can now be used in the load equation,
Eq. (12).

{F(9)} = —| M2 + M*CBADcoCse Bse @20 | s*{g(5)}
+([K5] = [K + M CaBaDeoCsi Bss 0] (g: ()

3 + M*C4BADcoCsBse®19]51q, ()}

[KCa] + [CCaAn] + [MCaAsAL]) xals)

+ [M*CaBACcoBcoCse | + [M*CaBsDcoCseAse))

< bise(®) = ([CCaBaCeo] + [MCaAnBaCeo]
+[M*CaBsCcoAco])xco(®)} + (qnSwr/Uso) ([A5C, ]

+ [ATCo A ) xe ()} + g S DG ] 1)

+ (@0 St/ Us) D)1} + (@b Swt/ Us) {ATC B Jw(s) - 27)

Equations (21) and (26) can also be substituted into the MD equa-
tions of motion, Eq. (15), to yield

lp]" | My® + M*C1B4DcoCseBse 20 |5{q, ()}
= —lgl"[K}® + M*CaBaDcoCsiBse ®og | 1q. ()}
— )" [Cyf + M*CaBaDcoCseBse ®19]s{(gs ()}
— [l ([K*Ca] + [C*CaAn] + [M*CrALAA]) {xa(s)}
—[]" ([C*“CaBADcoCsi] + [M*“CaAaBsDcoCse]
+[M*C4BACcoBcoCse | + [M*CaBsDcoCseAse))
x {xse ()} — [@]" ([C*CaBaCco] + [M**CaAsBACo]
+ [M*“C4BACcoAco ) 1xco ()} + (qnSwt/Us) 1" ([ASC, ]
+[AC A ) e ()} + gp Sl [D} ]t}
+ (@D St/ Uso) @] [D*1{r}

+ (g0 Swet/Uso) @) { ATC B, Juw(s) (28)
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In the following steps the output equations [of Egs. (18) and (20)]
are inserted into the state-space equation (19). This leads to

s{xa(s)} = [Aal{xa($)}+[BaCcol{xco(s)}+[BaDcoCsel{xse(s)}

(29
Equation (17) is inserted into the state-space equation (18):

—[Bse @20 1s*{: ()} + s{xse ()} = [Bse Podl{g, (5)}
+ [Bse P191s{gs ()} + [Asel{xse(s)} (30)
Equations (18) and (20) are now used to obtain
s{xco(s)} = [Acol{xco(s)} + [BcoCsel{xse(s)} (€29)
And the gust filter Eq. (16)
s ()} = [AHixg ()} + (BeJw(s) (32)

Finally the state-space equations for the aerodynamic states are ob-
tained from Egs. (11) and (26):

sire} = [E*1s{gs(9)} + [E°CaA4|{xa(5)} + [ECaBADcoCsk |

x {xse(8)} + [E“CaBaCco{xco(®)} + [R°1{rs) 33)

and the equations for the added gust aerodynamic states are obtained
from Egs. (11) and (21):

s{re} = [EfCo A, Jlxg ()} + [R¥1{re} + { EXC B, Jw(s)  (34)

Complete Aeroservoelastic System

The state-space equations for the complete closed-loop system
can now be assembled, after defining the system’s state-space
vector:

) =
N N (O N L RS L P L IS L TR L
(35a)
where
{x1} = {gs} = s{x) = (o) (35b)
{x2} = s{gs}

In an effort to adopt a more concise notation, the load equation can
now be written in the form:

{Fy()} = —[Unls{xa )} + ([K3'] + [Var]) (x1 ()}
+ [sz]{xz(s)} + [st]{XA ()} + [V24]{XSE(S)}
+ [VasH{xco(s)} + [Vasl{xg ()} + [Varlir}

+ [Vasl{re} + {(Walw(s) (36)
where

[Un] = LM;A + MSCCABADCOCSEBSEq)Z(pJ
Vol = st M CABADCOCSEBSE<D0¢]

MSCCABADCOCSEBSEq)I‘p]

[k
[Val = =[Cy'
(L&

[Vas] = Ca| + [CFCaAn | + | MCrALAL])
[Vl = —([C*CaBADcoCsi | + [M*CaAsBsDcoCs |

+[M*“CaBACcoBeoCse ] + [M*“CaBaDcoCs Ase))
[Vas] = —([C*°CaBACco| + [M* CaArBACco]

+ [MSCCABACCOACO])

[‘726] = (QDSref/Uoo)([AgCg] + [A?’CgAg])
[Var] = qpSwt[ D3], [Vas] = (@D Seer/Uso) [ D]
(W2} = (@p St/ Uso) | A{C B} (37)

Equation (36) can be written in a more compact form as

{F9)} = ~[Unlstx(6)) + Vallx ()} + (Wa}w(s)  (38)
where
VA=[K; +Va Voo Vi Vo Vas Vi Vi V] (39)

Now, the MD aeroservoelastic equations of motion, Eq. (28), can
be written in a similar form:

[Unls{xa(s)} = [Val{xi1 ()} + [Vaal{xa(s)} + [Va31{xa(s)}
+ [Vaal{xse ()} + [Vasl{xco($)} + [Vas{x, ()} + [Varl{rs}

+ [VasHre} + {Watw(s) (40)

where the equation of motion corresponding to structural degrees
of freedom is reduced in order by premultiplication by [¢]” . Define

[Ux] = [¢]" U]
[VZ/]_[¢] V2/ ]:1,,8
(Wa} = [¢]" (W2} 1)

and the preceding equations (29—34) can be collected to create cou-
pled aeroservoelastic equations of motion in the form:

s[UNx ()} = [VI{x ()} + {Whw(s) (42)

Examination of the matrices [U ] and [V ] reveals that they are of the
form:

I 0 000000
0 Uy 00000 O
0 0 100000

wyo |0 Ve 01 0000 .
00 007 000
00 0007700
00 000070
(0 0 0000 0 1]

0 1 0 0 0 0 0 0]
Voro Voo Vas Vg Vas Vi Vor Vg
0 0 Vi Vi Vis O 0 0
Vi Vo 0 Vi O 0 0 0
V1= 0 0 Vi Vs 0 o0 o @
0 0 0 0 Ve O 0
Vio Vi3 Vag Vis 0 Vi 0
0 0 0 0 Ve 0 Vi

wy' =[o wj o0 0 W 0 W] (45)

where
[Vss] = [Aal, [Va4] = [BaDcoCsel, [V3s] = [BaCcol
[Un] = —[Bsg P24], [Var] = [Bse Poo]
[Va2] = [Bse P19, [Vas] = [Asg]

[Vs4] = [BcoCsel, [Vss] = [Aco]
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[Ves] = LAg ],
[Vl =[E"],

[Vi4] = [E°CaBADcoCsel,

{(We} = (B}
[V73] = [E“C4 A4l

[Vas] = [E“CaBsCcol

Va7l = [R']
[Vss] = [E*CeAg].  [Vis] = [R¥]
{Ws} = {E*C,B,} (46)

The state-space equations of motion can also be written as
s{x(s)} = [Al{x ()} + {Flw(s) 47)
where
[A]=[U]'[V], {F}=[U1"{w} (48)

The second row partition of these equations [corresponding to
Eq. (40) and the partitions in Egs. (43-46)] gives an expression
for s%{q}:

s*{g,} = s{a} = [Un] ' [Valix ()} + [Un] {Walw(s)  (49)
where
Vol =1[Var Vo Vaz Vo Vas Vo Viy Vil (50)

This means that the summation of forces for the right-hand side of
Eq. (6) can be written in terms of the state-space vector [Egs. (38)
and (49)]:

{Fs()} = [ALlx ()} + {FLlw(s) 61V

where

[AL] = [Va] = [Un][Uxn] ' [Va]
{FL} = (W} — [Un][Uxn] " {Wa)} (52)

Stress Retrieval

Having found a solution to the coupled aeroservoelastic problem
(with MD-order reduction for the structural degrees of freedom)
Eq. (47), we can use Eq. (6) to retrieve stresses, using the full-order
stiffness matrix. In a displacement-based finite element or Rayleigh—
Ritz method, stresses at a point (on a plane stress element) can be
calculated from

Sxx (8)
Syy(s) ¢ = [S1 {us ()} = [STT K] {F, ()} (53)
Sy ()

An adjoint matrix is defined as follows:
" =[S K] (54
Because of the symmetry of the stiffness matrix, this leads to
[K*1[n] = [S] (55)
The matrix [S] is static and is different for every point at which
stresses are calculated. A corresponding adjoint matrix [7n] at each

stress recovery point can be found from Eq. (55). Dynamic stresses
can now be calculated using

Sex(8)
sy (8) ¢ = [nl" {Fy(s)) (56)

Sy (s)

where the stresses and the force vector are dynamic. The covariance
matrix of the three stress components is

SXX SXX ’
[Cov,] = E Syy Syy
Syy Sy
= " E({FHF)T)Inl = [ [T]n] (57)

Gust Filter—Modeling Considerations

Examination of the expressions for the load vector [Egs. (38) and
(51)] reveals a direct dependency on the white noise input. Thus, the
covariance matrix of the full-order forces is only finite if { F } = {0}.
Inspection of equations (37) and (52) reveals that this is the case

(W2} = (qpSeet/Us) {A{C, B, } = {0} (58)

Thus, we must require that either {4} ={0} or C,B, =0. In the
rational function approximation of the gust vector, {Af} = {0} can
be utilized without much loss in accuracy if one of the lag poles
is large compared to the frequency range of interest. In this case
s/(s+cf)~s/ct, that is, proportional to s, and the matrix corre-
sponding to this lag term will model the effect of the unused {A%}.
Alternatively, the matrix product C, B, =0 for the gust filter trans-
fer function if the order of the denominator is greater than the order
of its numerator by at least two. In most common approximations
of gust filter transfer functions, there is only a first-order difference
between the denominator and the numerator. This can be overcome
by either adding a low-pass filter to the gust filter' or by converting
the filter from the form:

w,  ois" '+ tasta (59)
w s"Hd,_ "V dis + dy
to
w, Crot8" s+ o 60)

W es"t 45" +dy_ 18"+ +dis + do

by adding a (n + 1)th-order term with a small positive coefficient
¢. This introduces an additional gust filter state in the model with a
real negative lag pole close to —1/e.

Figure 1 shows a comparison between the exact von Kdrmén and
the two third-order (n = 3) rational approximations determined by
Eqgs. (59) and (60) for a typical flight condition. The exact spectrum
rolls off with a slope of — % , while the standard rational model*® will
have an integer slope of —2. The new rational model will be identical
to the standard rational model up to a frequency of 1/& and will then

10° : .
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10?2 ) ) R
107 10° 10°
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Fig. 1 Comparison of vertical spectra for the von Karman and two
rational approximations.
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roll off with a slope of —4 above this frequency. The coefficient
& must therefore be chosen small enough such that 1/¢ is higher
than the highest frequency of interest. In the following example
& =0.0001, which corresponds to a frequency of 1000 rad/s.

In the following it is assumed that

{FL} = {0} (61)
and Eq. (51) becomes

{Fy(9)} = [ALK{x ()} (62)

Covariance Matrices of Full-Order Loads and Aeroservoelastic
Mode-Displacement States

With Eq. (62) the covariance matrix of the full-order load elements
become

[M1=E({F,MF)") =[ALIE (xHx}DIAL) =[AL)IX][AL]
(63)
where
[X] = E({x}x}") (64)
is the covariance of the states-space degrees of freedom found

from the Lyapunov’s equation®’ for the MD reduced-order coupled
aeroservoelastic system:

[AIX]+ [X][A]" = —{F)Q(F}" (65)
The intensity of the white noise input w is assumed to be Q.
Elw®w(r)"]= 08t — 1) (66)

where §(¢) is the Dirac delta function.

Behavior Sensitivities

The sensitivity of gust stresses to changes in the design variables
can be determined from the sensitivity of [Cov,]. Equation (57) is
differentiated with respect to a design variable p:

dCov;, il or
[ kad } :[ ”] [r][n]+[n]T[ ][n]+[n]Tm[ } 67)
ap ap ap

where

ar 3A, aa, 1"
— | = | —=—=|[X1[AL]" +[AL] [AL] +[ALNX]| —
ap ap ap

(68)

The sensitivity matrix [97/dp] can be determined by taking the
derivative of Eq. (55) with respect to the design variable p.

o 8_77- . 9K s
(K ]I:ap_ = [ o i|[7)] (69)

Furthermore, from Eq. (52)

0AL ] _ [V _[aUx],, =
[W:I _|:8p:| |: op _[Uzz] [Va]

v 22] !

aV.
— [Un] [Va] = [Un][Un]™! [ 3;} (70)

We can differentiate [Uy] ™' [Uy] =[I] to get

Un]™ LU
el 3”] =~ 22l (D
D ap

Then, from Egs. (70) and (71):

0A, v, Uxn _
[8—] — |:—i| - |: ][Uzz] [Va] + [Un][Un] ™
4 ap ap

3 [U ] av.

—E[Un] ™' [Va] = [Un][Un] 1[ a;} (72)
The sensmvny of the aeroservoelastic modally reduced state covari-
ance matrix [0 X /dp] can be determined by differentiating Eq. (65)
with respect to p:

X X7 -, aF) .. . [aF)"
Al == |+ | o= [1A]" = =) — {Q(F) —(F)0] —
ap ap ap ap
~ ~aT
dA dA
- [g]m - [X][g} (73)

This is also a Lyapunov equation where the right-hand side is known.
Following the derivations in Eq. (71),

IA Tav LTaud
p =W — |+ —|wI'v] 74
P ap op

Note that a number of matrices whose derivatives are required in the
preceding equations depend on the set of modal vectors [¢] [Egs. (3),
(37), (41), and (46)]. Differentiation can be carried out assuming a
fixed-mode*! approach or a variable-mode approach. In the latter,
variations of design variables lead to variations of the modal matrix
used.

Application

The new methodology just derived has been implemented in
an efficient, integrated aeroservoelastic design optimization capa-
bility, the Lifting Surface Augmented Structural Synthesis code
(LS-CLASS)®737 and applied to a typical large, flexible commer-
cial transport configuration. The structural model is based on an
equivalent-plate formulation®>=%¢ for wing, control surfaces, and
tail surfaces. Transverse shear effects are included. Horizontal-
and vertical-plate segments are used for modeling of the com-
plete configuration, with a fuselage modeled as a linked chain of
beam/narrow-plate segments. The equivalent-plate approach, al-
though not as general and accurate as the finite element (FE) method
for the modeling of real airplanes, has nevertheless been found to
be remarkably accurate—at least for research/conceptual design
purposes—given its simplicity, ease of modeling, and special suit-
ability for aeroelastic analysis. Its application to high-aspect-ratio
and low-aspect-ratio wings has been studied thoroughly. With just a
small number of degrees of freedom (of the order of 200—400), com-
plete quite complex configurations can be modeled using equivalent
plates, where FE models will require tens of thousands degrees of
degrees of freedom. For the studies reported here, the doublet-lattice
unsteady aerodynamics module of the Elfini*? code was used to cre-
ate full-order aerodynamic matrices for the Ritz functions used in
LS-CLASS. These matrices were then imported into LS-CLASS and
manipulated there. The equivalent plate model is shown in Fig. 2.
The model consists of equivalent-plate segments (zones) joined via
lumped springs, which model attachment and actuator stiffnesses.
Spars, stringers, ribs, and skins are included in the model. The aero-
dynamic mesh is presented in Fig. 3. The wings, engines, horizontal
stabilizers, and vertical fin are incorporated into the unsteady cal-
culations. The fuselage aerodynamic distribution is introduced by
scaling rigid airplane empirical distribution based on the local de-
formation along the fuselage centerline. There are no interference
effects between the fuselage and the remaining aerodynamic sur-
faces. A block diagram of an active control system for symmetric
motion (motion in the pitch plane) is shown in Fig. 4. The inte-
grated aeroservoelastic model of the passenger jet configuration was
checked against results obtained by standard industry codes, and the
accuracy of the model used here was found to be good in terms of
natural frequencies and mode shapes, deformation and local internal
loads in maneuvers, as well as aeroservoelastic stability.
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Fig. 2 Equivalent-plate structural model of a passenger airplane con-

figuration.

Fig. 3 Doublet-lattice aerodynamic mesh for the passenger airplane

configuration.

Results of Convergence Studies

The stress covariance matrix and its sensitivity to a spar-cap-
area design variable on the outboard wing have been calculated for
a stress recovery point on the skin of the inboard wing. Figure 5
shows a comparison of the convergence characteristics between the
MA method and the MD method for one of the covariance terms.
These results are typical for all the matrix terms.

For the covariance matrix term the two methods will give the

same results for a full-order model (165 modes; the model has 165
Ritz degrees of freedom, but a similarity transformation has been
made to modal coordinates, i.e., no modal truncation). However, the
MA method converges with 30-50 modes, whereas the MD needs at
least 90 modes to converge. For the sensitivity term the MA method
will converge with about 30—40 modes, whereas the MD will need
about 120 modes for convergence.

The MA and MD methods do not converge to the same value
for the sensitivity terms. This is actually an artifact of ignoring the
eigenvector sensitivities in the analytical sensitivity calculations.
Because for simplicity and better computational speed the MA sen-
sitivity equations in the present formulation were based on a fixed-
mode approach, finite differences had to be used to clarify this issue.
A finite difference calculation of the sensitivities with a fixed modal
base (FIXMOD) verifies that the two methods will yield different
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Fig. 5 Comparison of convergence of the MA method and the MD
method for a stress covariance term and its sensitivity.
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results. Finite difference calculations with a variable (VARMOD)
modal base will give the same results. It is also interesting that
the finite difference calculations for the FIXMOD and VARMOD
are practically identical for the MA method. The mode-acceleration
results, then, converge to the correct value of sensitivity, and the
effect of ignoring the eigenvector sensitivities in the MA analytical
sensitivity calculations is basically negligible.

Taylor-Series Approximations

The key to the success of nonlinear programming in solving op-
timization problems is the use of approximation concepts. In each
stage of the optimization process, a detailed analysis and the as-
sociated behavior sensitivity analysis are used for constructing ap-
proximations of the objective and constraint functions in terms of
the design variables. The most common approximations are direct
or reciprocal Taylor-series approximations.®! These are local, linear
approximations based on the Taylor series and vary with the design
variable or the inverse of the design variable, respectively.

Taylor-series approximations are checked, using parametric stud-
ies, for a nominal flight case, with ample damping. Figure 6 shows
the results when the design variable is a spar cap area of the out-
board wing. Parametric studies for a closed-loop system, with a
control gain as the design variable, are shown in Fig. 7. A direct lin-
ear Taylor-series approximation appears to capture accurately the
variations of the stress covariance matrix terms with changes in the
design variables in most cases. The fact that the linear approximation
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Fig. 6 Variation of covariance stresses with changes in a spar-cap-area
design variable.

Cxx
Cxy

0.5 1 1.5 05 1 15 05 1 1.5
DV ratio DV ratio

— Model variation
---- Linear approx.

Cyy

0.5 1 1.5 05 1 15 05 1 1.5
DV ratio DV ratio DV ratio

Fig. 7 Variation of covariance stresses with changes in a pitch control
system gain design variable.
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Fig. 8 Variation of covariance stresses with a spar-cap-area design
variable (flight case with lightly damped mode approaching instability).

is tangent to the exact variation curve at the baseline configuration
[design variable ratio = 1.0] indicates that the analytical sensitivity
calculations are correct.

However, in airplane configurations with lightly damped struc-
tural modes, when in the course of design variable variation certain
poles move toward instability, significant nonlinear behavior of the
response might result. Figure 8 shows a flight case with a lightly
damped mode close to instability. As the spar-cap-area design vari-
able is reduced, the damping approaches zero. This results in a rise
in the covariance matrix terms. It is apparent that a linear approx-
imation cannot capture this explosive rise. A new approximation
must be derived to capture these effects.

New Approximation

In the new approximation presented here, a Taylor-series approxi-
mation for the stress covariance matrix at a point (linear in the deriva-
tion included here) is augmented by a correction term as follows:

a dCov;
(Covi] = [Covil, + 3 (| =5 = | (P = pro) +[ACOV((pD]
k=1 © do

(75)

The summation is taken over N, design variables, and the o denotes
the reference configuration for which analysis and sensitivity anal-
ysis are carried out. The linear portion of the approximation can of
course be replaced by a reciprocal approximation. To help guide
the derivation of the correction term [ACov,({p})], we search for
insight into the nature of the dependence of covariance terms on
design variables. How does a pole approaching instability lead to
explosive growth of the resulting response?

The stress covariance matrix [Egs. (57) and (63—65)] can in gen-
eral be calculated from the following diagonalization of the system
matrix equations.?’ The MD state covariance matrix can be obtained
from

[X] =Wy Iw]’ (76)
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where the ij term of the matrix [Y] is given by

NIRRTV,

Yii = 77
; Py (77)
The covariance matrix for stresses at a point is then

[Covs] = [n]" [ALIX ALY [n] (78)

The matrix of eigenvectors is [W]=[y ¥, ---
eigenvectors {v;} satisfy

Yy ], where the

(U Ny = VI (79)
Or, alternatively
Wik = W' IV I} = [Al{y) (80)
If we define
[(=1" =[v]™! (81)
where [Z]=[& & --- &y], then,
v, = —{s,-}T{:LQK{j}T{sj} o

Because of the presence of aeroservoelastic eigenvalues in the de-
nominator, the covariance of the response shoots to infinity when the
damping of any the aeroservoelastic modes approaches zero. This
physical phenomenon is well known as flutter and is characterized
by large response amplitudes often resulting in structural failure.
It is assumed that the explosive behavior near instability is solely
caused by the reduction of damping on some modes. The [Y] ma-
trix, then, depends on design variables through the dependence of
aeroservoelastic eigenvalues A; on these design variables. Using a
reference (baseline) design, the variation of [Y ] in the neighborhood
of this design is described as the sum of a Taylor series in the design
variables plus a correction term AY;; to account for whatever the
Taylor series cannot capture.

aY; oA
() (2),
9Y;; 94, AY, 83
5, ) g ) | e prod + ailloh (83)

In Eq. (83) {p} is the vector of design variables, and p; is the kth
design variable. The correction factor is, thus,

aYi; oA;
Yi({ph) — (¥i)o — =) (==
;(ph — (X)) 2:((% >0(apk>0
4 aYi; oA Pk — i) (84)
8)\./' ap k — Pk

The nominal [Y] matrix at the reference (base) point is (using the
values of aeroservoelastic poles and eigenvectors at the base point)

&), (F). Q(F) &)
)‘i.a + )‘j,u

AY;({ph) =

Tij)o =

(85)

The [Y ] matrix based on reference eigenvectors but changing eigen-
values (because of changes in the design variable vector {p}) is given
by

o N F L QUF ) &)
Yi;(p)) = TR (86)

Equation (85) and the numerator of Eq. (86) are evaluated at the
base (reference) point once and are fixed for the approximations

away from this base point. Only the eigenvalues are allowed to vary,
and they are also evaluated using an approximation. In the case
presented here, Rayleigh quotient approximations are used for the
aeroservoelastic eigenvalues.

{030 [V {pD1io

ailp)) = o PR T
P) = Gru ot

&7
where

[U({P})]—[U]O+Z[ }(m Pro)

[v<{p}>]—[v1,)+2[ }(pk Pro) (88)

and {0}, {y} are left and right eigenvectors, respectively, of the
generalized eigenvalue problem [Eqgs. (42) and (79)]. The correction
term (beyond Taylor series) of the [X] matrix is now

[AX({PDT =D > (Wil AYy(Iph1v)] (89)
i J

and, finally, the correction term for the stress covariance matrix is
[ACov,({pD] = ] [ALL[AX ({PDI[ALLL [n], (90)

The derivatives of terms of [Y'] with respect to the aeroservoelastic
eigenvalues [Egs. (84)] are obtained by differentiating Eq. (86), and
evaluating the derivative at the reference point

(an,) _ (8Y,-,~> &Y AF)LO1F) (&),
=(ZZ) = 1)
i ), ), (i + 1j0)?

Note that the correction term vanishes when the modal damping is
large. The correction term has significant contribution only from
lightly damped modes.

Approximate results (compared to “exact” parametric results) us-
ing the new stress covariance approximation are shown in Fig. 9. The
method, indeed, captures the explosive rise in the covariance matrix
terms, but because of inaccuracy of the eigenvalue approximation
used this rise (based on the approximation) happens at a smaller de-
sign variable perturbation than in the exact case. It is not surprising,
given the dependency of [Y] on the eigenvalues A, that the accuracy
of the eigenvalue approximation used is extremely important.

In the approximate results presented so far, Rayleigh quotient
eigenvalue approximations*»** were based on a fixed-mode ap-
proach. Changes in all eigenvectors were approximated. An im-
proved approximation can be created if a mixed fixed/variable mode
approach (where the right eigenvectors are allowed to vary but the
left eigenvectors are kept fixed) is used for the Rayleigh quotient
approximations (RQA).

671V (DI (o))
(o = i 9
MUY = OO (o (o) ©2)

where

Wi (lph} = {vi}o + Z { } (Pk = Pro) 93)

14

The eigenvector sensitivity can be calculated mode by mode?!#? by
anumber of methods. Taking the derivative of Eq. (79) with respect
to design value p; results in

AV ] ]

(U1 —[V]){ i }= <[—V] — A [ U] [U]—>{1ln}
ap Opk ap

94)

All terms here are evaluated at the reference configuration. The
right-hand side of the equation is known. The matrix on the left side
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lightly damped mode approaching instability).
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value approximation for a control system gain design variable (flight
case with a lightly damped mode approaching instability).

is singular, but the normalization criterion for the eigenvector can be
used to eliminate this problem. When the eigenvector is normalized
so that, for example, the mth term is constant, the mth term in the
eigenvector sensitivity vector is zero. This criterion can be used to
solve the equations to obtain the eigenvector sensitivity {0v; /dp},
for Eq. (93).

Clearly, the calculation of eigenvector sensitivities of all modes
with respect to all design variables adds considerable computational
cost to the preparation of the approximations. However, because
only very low damping in modes contributes significantly to the
correction term just derived we can limit the number of eigenvalues
for which a mixed fixed/variable mode RQA is calculated to only
those with damping below some very low threshold value.

Figure 10 shows significant improvement in stress covariance
response approximation when the improved eigenvalue approxima-
tions are used for the low damped modes. Figure 11 shows results
from the new approximation for a flight case where an increase in
control system gain makes the damping of the short period pitch
mode unstable. The damping on the short period pitch mode is also
shown in the figure. A mixed fixed/variable mode RQA is used for
the short period mode in the new stress covariance approximation,
and it is apparent that the new approximations capture the rise of
the response well.

Results of additional studies and utilization of the new covariance
matrix approximations for evaluating stress failure constraints for
the integrated aeroservoelastic vehicle are described in Refs. 45
and 46.

Conclusions

A complete detailed formulation of the integrated aeroservoelas-
tic gust stress response problem has been presented. The formulation
is design oriented. That is, it introduces reduced-order modeling (in
the form of a mode-acceleration method for random stresses), an-
alytic sensitivities, and fast approximate analysis techniques. The
new approximations are efficient and accurate. They are based on in-
sight regarding the mathematical and physical nature of the effects
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of design variable changes (structural or control) on the random
stress response. Their importance is in the context of a nonlinear
programming/approximation concepts multidisciplinary design op-
timization strategy.

The paper contains results of convergence studies to evaluate the
new mode-acceleration adaptation. Convergence of both analysis
and sensitivity solutions is examined. Performance of the new ap-
proximation is assessed using variation of both structural and control
design variables. An integrated aeroservoelastic model of a passen-
ger airplane configuration is used. The results presented here, then,
apply to real configurations and realistic aerospace vehicle multi
disciplinary optimization design challenges.

Appendix A: Case of Finite Element Structural Models

When detailed large-scale finite element models are used for the
structural dynamic behavior of a flight vehicle, full-order aerody-
namic matrices, corresponding to all degrees of freedom in the struc-
tural model, cannot be created using current lifting surface or panel
methods. The aerodynamic matrices in the expression for full-order
load vector, [A* (s)][¢], [A*“(s)], and [A*$(s)], are, in this case, ob-
tained indirectly by what is known as the Summation of Forces and
Moments method.?*2! The number of rows in each of these matrices
is the same as the number of degrees of freedom in the full-order
finite element model, and they are obtained as follows.

On the aerodynamic mesh used to evaluate unsteady aerodynamic
loads, the aerodynamic equation, for the case of lifting surface the-
ory, for example, is

[AIC (Moo, s){Ap} = (qp/Uso){wa(s)} (AD)

where [AICl]is the aerodynamic influence coefficient matrix, Ap
the pressure distribution, and w, the normal velocity on the sur-
face. Equation (A1) is solved for right-hand sides {w, }; represent-
ing normal velocity distributions caused by a set of motion-shape
generalized coordinates (vibration modes, Ritz vectors, polynomial
functions, etc.). For general motions, which are expressed as su-
perpositions of motions in the given generalized coordinates, the
normalwash is given by

fwa} =Y {wiljq; (A2)

The different pressure distributions {Ap}; can be integrated over
the surface of the vehicle, and the resulting loads distributed to the
nodes of the full-order structural mesh using a transformation

(F) = [T{Ap) = ) ITHAP);
J

g—i[TIJ[Alcrl Z{wn}jqj = [A"]{g,) (A3)
J

The matrices [A*“(s)] and [A*$(s)] are obtained in a similar form,
representing forces on the full-order structural mesh caused by
control-surface motions and gust excitations, respectively.

The rational function approximations (in the form of Roger or
minimum-state approximants**** can be used for the [A**(s)][¢],
[A*“(s)], and [A*¢(s)] mastrices obtained from Eq. (A3). To cre-
ate the generalized aerodynamic matrices used for the mode-
displacement equations (and their Roger or minimum-state approx-
imation), the aerodynamic forces on the full-order structural mesh
[obtained from Eq. (A3)] are integrated over the configuration to
find the work they do when the configuration deforms in the motion-
shape generalized coordinates one by one.

Appendix B: Viscous Damping Matrix

If the damping in the structure is assumed to be viscous, Ref. 17
shows that the nondiagonal damping matrix can be defined as

[C] = [M*1[p1(p1 [M*1[p]) "
x ([p1 [C* 1D ([p1" M) ' [p]" [M*] (B1)

The diagonal damping matrix can be defined as
(91" [C*1[¢] = [2&wi]([¢] [M*][$]) (B2)

where [2£;w;] is a diagonal matrix with 2&;w; along the diagonal.
With this expression

[CNIg] = [M*1[p1(8]" [M*1[pD) ™" (o] [C* 1))

= [M*][$][2§ ] (B3)

See also Ref. 47.
The sensitivity of the damping matrix to a change in a design
variable p is on the form

aCcs aM>s N dw;
[ 3 }[qﬁ]:[ :|[¢][2Siwi]+[M“][¢']|:2";:i—:| (B4)
4 ap ap

Expression (B4) assumes that the sensitivities of the eigenvectors
are zero. The eigenvectors and eigenvalues satisfy expression (BS).

(K1} = [M* ¢ )} (B5)

The sensitivity of expression (B5) with respect to design variables is
shown in Eq. (B6), again with eigenvector sensitivities being zero.

IK* oM %
[ }{d)i}:[ }{d)i}wﬂ[M“]{d)i} i

op ap ap

M ) dw;
il {pi}w; + [M*{¢;}2w; — (B6)
p ap

By utilizing expression (B6), expression (B4) becomes

8C.TS aM&X aK.YX g,
[ 5 ]w)] =[ }W][&@-H[ }[qﬂ[—} (B7)
)4 op ap ;

Here, [&;w;] and [&; /w;] are diagonal matrices with & w; and & /w;
along on the diagonal, respectively.
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